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Abstract Cangul-Ozden-Simsek[l] constructed the g-Genocchi numbers of high order using 
a fermionic p-adic integral on Zp, and gave Witt's formula and the interpolation functions of 
these numbers. In this paper, we present the generalization of the higher order g-Euler numbers 
and g-Genocchi numbers of Cangul-Ozden-Simsek. We define g-extensions of lu-Euler numbers 
and polynomials, and w-Genocchi numbers and polynomials of high order using the multivariate 
fermionic p-adic integral on Zp. We have the interpolation functions of these numbers and poly- 
nomials. We obtain the distribution relations for g-extensions of to-Euler and lo-Genocchi poly- 
nomials. We also have the interesting relation for g-extensions of these polynomials. We define 
(h, g)-extensions of ui-Euler and ui-Genocchi polynomials of high order. We have the interpolation 
functions for (h, g)-extensions of these polynomials. Moreover, we obtain some meaningful results 
of {h, g)-extensions of ui-Euler and ui-Genocchi polynomials. 
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1. Introduction, Definitions and Notations 

Many authors have been studied on the multiple Genocchi and Euler numbers, 
and multiple zeta functions (cf. [1-2], [4-6], [9-10], [14], [17], [19], [22], [24]). In 
[10], Kim, the first author of this paper, presented a systematic study of some 
families of multiple q-Euler numbers and polynomials. By using the q-Volkenborn 
integration on Zp, Kim constructed the p-adic g- Euler numbers and polynomials of 
higher order, and gave the generating function of these numbers and the Euler q- 
C" function. In [14], Kim studied some families of multiple g-Genocchi and Euler 
numbers by using the multivariate p-adic g-Volkenborn integral on Zp, and gave 
interesting identities related to these numbers. 

Recently, Cangul-Ozden-Simsek[l] constructed the g-Genocchi numbers of high 
order by using a fermionic p-adic integral on Zp, and gave Witt's formula and the 
interpolation functions of these numbers. In [17], Kim gave another constructions 
of the g-Euler and g-Genocchi numbers, which were different from those of Cangul- 
Ozden-Simsek. Kim obtained the interesting relationship between the g-w-Euler 
numbers and g-w-Genocchi numbers, and gave the interpolation functions of these 
numbers. In this paper, we will present the generalization of the higher order g- 
Euler numbers and g-Genocchi numbers of Cangul-Ozden-Simsek approaching as 
Kim did in [17]. 

Throughout this paper, let p be a fixed odd number and the symbols Zp, Qp, C 
and Cp denote the ring of p-adic rational integers, the field of p-adic rational num- 
bers, the complex number field and the completion of algebraic closure of Qp, 
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respectively. Let N be the set of natural numbers and Z+ —NU {0}. Let Vp be the 
normalized exponential valuation of Cp with \p\p = p~'"p^P^ = i. 

The symbol q can be treated as a complex number, g G C, or as a p-adic number, 
q G Cp. If g G C, then we always assume that \q\ < 1. If g G Cp, then we usually 
assume that |1 — g'|p < 1. 

Now we will recall some (^-notations. The g-basic natural numbers are defined by 
[n]g = ^ = l + q + q^ + ---+ (n G N), [n]-g = and the g-factorial 

by [n]q\ — [n]q[n — 1]^ • • ■ [2]g[l]g. In this paper, we use the notation [x]q = 
and [x]-„ = . Hence lim[a;]q = x for any x with |xL < 1 in the present 

p-adic case (see [1-25]). 

The g-shift factorial is given by 

(a : q)o = 1, {a: q)k = (1 - a){l - aq) ■ ■ ■ {1 - aq'"''^). 

We note that lim(a : g')fe = (1 — a)*^. It is known that 

oo 

(a : g)oo = (1 - a)(l - aq){l - aq^) • • • = [](1 - aq^'^), (see [8]). 

Prom the definition of the g-shift factorial, we note that 

(a • q-)^ ^ (a : g)oc. 

(ag'= : g)oo " 

Since ("") = (-1)'("+;'-^), it follows that 



The g-binomial theorem is given by 



E 



(a : ^ {az : q)c 

■'^{q:q)n {z ■ q)o, 



where z,q G C with \z\ < 1, |g| < 1. For the special case, when a = g"(a G C), we 
can write as follows: 



{z : q)oc {z : 5)00 ^ {q ■ q)n 



E 



(l-g")(l-g"+i)...(l-(7"+"-^)^. 



00 



(l-(;)(l-g2)...(i_gn) 

CxD 



[a]g[a + l]g---[a + n-l]g 

[a]g[a + l],---[a + n-l], 

z . 



The g-binomial coefficients are defined by 

. f« _ t 4- 1 1 _ 

(see [14], [16]). 



''n\ _ [n]q\ _ [n]g[n - 1]^ ■ ■ ■ [n - fc + l]g 
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Hence it follows that 

1 ^n + a — 1 



z 



which converges to ,-^}^\a. — (" as g — > 1. 

We say that / is a uniformly differentiable function at a point a e Zp, and write 

/ G UD{Zp), the set of uniformly differentiable function, if the difference quotients 
Fgix,y) = ^^"2:^^^^ have a limit I = f'{a) as {x,y) (a, a). For / € UD{Zp), the 
g-deformed bosonic ]>adic integral is defined as 



f 

and the g'-deformed fermonic p-adic integral is defined by 

/_,(/) = / fix)df,.,ix) = lim ^ fi^)l^. 

Jz^ [P \-g 

The fermionic p-adic integral on Zp is defined as 

= lim/_g(/) = / f{x)df,.,{x). 

It follows that = -7-1 (/) +2/(0), where fi{x) = f{x + l). For details, see 

[4-17]. 

The classical Euler polynomials En (x) are defined as 

e* + 1 n! 

and the Euler numbers En are defined as En = En{0), (see [1-25]). The Genocchi 
numbers are defined as 

e'' + 1 n! 

71 — 

and the Genocchi polynomials G„(a;) are defined as 
2t 



e-* = ^G„(x)-, (see [12], [14], [21]). 
i -"^ — 1 n! 



n=0 

It is known that the ti;-Euler polynomials En,w{x) are defined as 

2 

we* + 1 nl 

x—O 

and En,w = ■E'n,u;(0) are called the w-Euler numbers. The w-Genocchi polynomials 
Gn,w{x) are defined as 

2t ( ^" 

+ , 1 ^ ~ / ,Crn,w{x) r, 

we^ + 1 n! 
and = G„,^(0) are called the tw-Genocchi numbers, (see [1]). 
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^;;^e- = ^GW(x)-, (see [1]), 



The ui-Euler polynomials En,w{x) of order r are defined as 
2 °° fu 

and eI^I = E^ZliO) are called the w-Euler numbers of order r. The w-Genocchi 
polynomials Gn% (x) of order r are defined as 

x=0 

and Gn'^L = gI'^L(O) arc called the w-Euler numbers of order r. When r = 1 and 

w = 1, En}w{x) and Eii l, are the ordinary Euler polynomials and numbers, and 
Gri.,lf;(^) and Gn}w 

are the ordinary Genocchi polynomials and numbers, respec- 
tively. 

In Section 2, wc define (j-cxtensions of ?«-Eulcr numbers and polynomials of or- 
der r and w-Genocchi numbers and polynomials of order r, respectively, using the 
multivariate fermionic p-adic integral on Zp. We obtain the interpolation func- 
tions of these numbers and polynomials. Wc have the distribution relations for 
g-extensions of w-Euler polynomials and those of w-Genocchi polynomials. We 
obtain the interesting relation for g-extensions of these polynomials. We also de- 
fine (/i, (7)-cxtcnsions of u>-Eulcr and uj-Gcnocchi polynomials of order r. Wc have 
the interpolation functions for (/i, (7)-extensions of these polynomials. Moreover, 
we obtain some meaningful results of {h, g')-extensions of w-Euler and w-Genocchi 
polynomials when h = i — 1. 

2. On the extension of the higher order ^-Genocchi numbers and 

g-EULER NUMBERS OF CaNGUL-OzDEN-SiMSEK 

In this section, we assume that w G Cp with |1 — w|p < 1 and q e Cp with 
|1 — q\p < 1. Recently, Cangul-Ozden-Simsek[l] constructed t«-Genocchi numbers 

of order r, Gn)ui, as follows. 

(1) e [ w;^^+-+"'-e*(^^+-+"'-)d/i_i(a;i)---d/i_i(a;^) 

where J^^ = /z ' ' ' (''—times) and r e N. They also consider the g-extension of 
O'^n^w as follows. 

(2) f \ 5'=! e '=1 dii-\[x\) ■ ■ ■ dii-\[xr^ 

_ _ S^p{h,r)^_ 

(gfcg* + 1) . . . (5'»-'-+ie* + 1) ^ n!" 
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From (2), they obtained the foUowmg interestmg formula: 

(3) Gi-;^ = 2v.^+^)£(^+;;-^) Mr.-. 

\ / v=0 ^ ^9 

It seems to be interested to find the numbers corresponding to 

\ / -0=0 ^ ^9 

In the viewpoint of the g-extension of (1) using the multivariate p— adic integral on 

(r) 

Zp, we define the g-analogue of w-Euler numbers of order r, En,w,q, as follows. 



From (|4]), we note that 



(=0 

Therefore, we obtain the following theorem. 
Theorem 1. Let r G N and n G Z-)_. T/ien tiie /laue 

(5) = E " ^) {~l)V^[mT,. 

m=0 ^ ' ^ 



Let F('-\t,w\q) = ^ £^r^L?|^. By ^ and ©, we see that 



m=0 ^ ^ 

Thus we obtain the following corollary. 

oo 

Corollary 2. Let F('^)(t, wj^) = EK/y,,q^. Then we have 

n=0 

F^-^ {t, w\q) ^2^Y,h^'"^\ (-l)"w"e*["l''. 

m=0 \ / 

Let us define the q-extension of w-Euler polynomials of order r as follows. 

(6) Ei:ljx) = [ W-' + -+-'-[x + X, + ---+Xry^dfi_,{x,)---dfi^,{Xr). 
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By (6), we have that 



1=0 



= 2''Y.h^^ ^V-l)'"u;'"[m + x] 

m=0 ^ 

Therefore, we obtain the following theorem. 
Theorem 3. Let r e N and n G Z+. Then we have 
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m=0 



Let ^^(i,^,^!?) = Y.E)^-IAx)tJ- By © and 0, we have 



m=0 \ ''^ / 

Therefore we have the following corollary. 

Corollary 4. Let F'-^^t,w,x\q) — J2 ^n,w,qix)j^. Then we have 

11=0 

(8) F^'^^t, w, x\q) =2''f2 f"'^J^"^)(-l)"w"e*t"+"l'. 



in=0 



Now we define the g-extension of w-Genocchi polynomials of order r, Gl^)w,q{x), 
as follows. 

(9) 2^^- E r (-l)™z«™e*['"+-l' = L. 

m=0 ^ ^ n=0 

Then we have 



(10) EG"':-.9( 

ri=0 

= f ^ u;^i+-+^'-e*[^+^i+-+^-]«dM-i(xi)---dM-i(a;r) 



n=0 

By comparing the coefficients on the both sides of (jlOp. we see that 



r y (n + r)! 
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and 

(11) ^n+r,w,qi^) 



n + r 
r 



E^'''> (x) 



In the special case of X = 0, gI'I, q{0) = G^n)uu,q are called the g-extension of 
w-Genocchi numbers of order r. By (|lip . we have the following theorem. 

Theorem 5. Let r e N anrf n G Z+. T/ien we /laue 



'[x + Xi + ■ ■ ■ + Xr]gdfl-i{xi) ■ ■ ■ dfJ.^i{Xr) 



= E'^'^^ (x) 

^n.w.q V'^Ji 



and GQ l^ g{x) — G^ l^ ^ix) _ • ■ • _ Gl,li^^ g{x) — 0. 

Now we consider the distribution relation for the g-extension of w-Euler polyno- 
mials of order r. For d G N with d = 1 (mod 2), by ([8]), we see that 



(12) F^'''>{t,w,x\q) 



m=0 

d-^l r 



...ar=0 i=l m=0 ^ ^ 

E (ri--)(-i)-+-+-^^«(M],t,-^ ^ii— i^^k^ 



^ ai H h a,- + a; , ^ 

ai,---ar— 2—1 " 

By we obtain the following distribution relations for En}w,q{x) and G^+r,to,g(^)) 
respectively. 

Theorem 6. Let r G N, n G Z+ and d G N wit/i d = 1 (mod 2). Then we have 
d-l r , , , 



Ei:,iq{x)^[d]- E (n^")(-i)"^+'''+'"-<i<^,,^(- 



ai,---ar— i— 1 



ai,---ar— i— 1 



For the extension of ([5]), we consider the (/i, g)-extension of w-Euler polynomials 
of order r. For /i G Z, r G N and n G Z+, let us define the (/i, g)-extension of 
w-Euler polynomial of order r as follows. 
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(13) Ei%^}^ix) 



f^j'-^i + ---+^^[x + Xi H \-Xr]qq'=^ dfI-i{xi)---dfl-i{Xr). 

From we note that 



(1 - q)" f:;^ (1 + + q'+'^-'^w) ■■■{! + q'+'^-''+^w) 



rui = 2- " (")(-i)'g'- 



(1 — q)"^ ^-^ \ I J \ m , 

" 2'' E ^ " (-l)'"g'""w'"[m + a;]^. 

Therefore, we obtain the following theorem. 

Theorem 7. Let e Z, r e N and n G Z+ . Then we have 

ri'S^ E'-^^^Ur) - 2'' (';)(-l)'g''^ 

= 2'^E(™^''"^) {~irq''"'w"'[m + x]^. 

m=0 ^ ^9"^ 

We also have the following result. 
Corollary 8. Let F'^''-''\t,w, x\q) = Ei,%,>g{x)*^. Then we have 

(16) F^''^''\t,W,x\q) ^2"^^ f'^^'' l^_l)^qhm^m^tlm+x],^ 

Remark 1. In the special case x — 0, E^w^q(0) — E^l^w^q are called the {h,q)- 
extension of w-Euler numbers of order r. 

If we take h = r — 1 in ([H]) , then we have 



(1 - g)"^ (1 + g'+'^-iw)(l + g'+''~-2^) • • ■ (1 + q^w) 



1=0 



nr^ ^ 2- f^ (:)(-i)'g'- 

^ ^ (i-g)"t^(-9'«^:g). 



m=0 ^ ^9 
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Then we have the following theorem. 

Theorem 9. Let r G N and n G Z-|_. Then we have 

TO + 7' — 1 



We also the following corollary. 
Corollary 10. Let F^'-'^'''\t,w,x\q) = En,w,i {xY-^. Then we have 



n=0 

OO 



(18) F'-''-^''-Ht,w,x\q) ^2'-J2[^'' ) (-l)'"u''"e*['"+^l«. 



TO 

m=0 ^ ^9 



From p8|) . we note that 



TO 

m=0 ^ ^9 



ai , ■ ■ -a,.— 



OO / s 



?ri=0 ^ ^9 



q'=0 (_1) 
ai , ■ ■■aj.—O 

where d S N with d = 1 (mod 2). By (|19p . we obtain the following the distribution 
relation for En,wlq'\x) . 

Theorem 11. For r G N, n G Z+ and d G N d = 1 ('mod 2). Then we have 

ai , ■ ■ -a,,— 



aiH hOr^oiH ha 



,9 

d-1 



Now we define the {h, g)-extension of ui-Genocchi polynomials Gr^^w]q{x) of order 
r as follows. 

(20) 2'TE r (-l)V"u;'"e*[™+-l' ^EgI'^.U^)^- 

— ' V TO / _i — ' ^ n! 
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Then we have 

n=0 

(21) =e [ g-S'^''"'^^^'''M;^i+-+^"e*[^+^^+-+^-l'dA«_i(a;i)---d^_i(2:^) 



n A: 



n=0 

xr! 



n+r 



(n + r)! 

From (fT3| and ([2T|) . we derive the following result. 
Theorem 12. Let r G N a^rf n G Z+. T/ien we /lave 



E'^'''''^ (x) 



and GQ^^'g{x) — G\^^'g{x) — • ■ • _ g|,Ji|iu^^(x) — 0. 
When /i = r — 1 in Theorem 12, we have 



m 

m=0 ^ ^9 



K;(r-l,r)/ N 



(1 - 9)"^ {-q^w : q)r 



Remark 2. In the special case X — Oj Gn, 10,^^(0) — Gn^w^q ave called the {h^q^- 
extension of w-Genocchi numbers of order r. 
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